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THE CHAIN RULE

Prepared by Ingrid Stewart, Ph.D., College of Southern Nevada
Please Send Questions and Comments to ingrid.stewart@csn.edu. Thank you!

Composite Function Review

e Let h(x) = S"-"""Yand g(x)= 2):', then the Composite Function is
hfg{x)]=h{2x)=sin{2x)

Let h(x)= l'ﬂ‘:"‘wand g(x)=5x+3 , then the Composite Function is
hgi(x)]=h{d5x+3)=In{5x + 3)

= _ 2
o Let h{x)=e and g(x)=2x" -5 , then the Composite Function is
2_
hgix)]=h{2x’-5)=e”" 7°
The Chain Rule for Differentiation

You can find the proof of this rule in the online textbook as a separate document.

i T =hEg(x )} 5 composite of the functions h(X) and g(x), then
Fiix)=g'(x)-h'fg(x)]

Given functions of the following form, where u= g(x)is a function of X , then by
the chain rule they have derivatives as shown below.

i F(x)=sin u f'{(x)=u cosu

1. , then

o i f(x)=tanu f'(x)=u'sec’u

3 s f(Xx)=sec U ihen f'(x)=u" secutanu
4. s f(x)=cos U ihen f'(x)=-u sinu

5. if f(x)=cotu . f'(x)=-u csc’u

6. f f(x)=csc U then f'(x)=-u cscucotu



Special Case (most frequently used) - Natural Exponential Function:

if F(x)=e" qen F'{x)=u'e”

ul'
_ F'{x)=
8. If f(xj_'ag"u,then (x) uinb

Special Case (most frequently used) - Natural Logarithm (el en):

ul’

F' =
If f{x)= ""u, then (x) U

Please note! The trigonometric, logarithmic, and exponential
differentiation rules from Unit 8 are special cases of the Chain

Rule, where # =X

The General Power Rule for Differentiation - A Special Case of the Chain Rule

Let U= l:“(‘,")‘be a function of X. If f(x)=u , Where n is any real number, then
r _ L n—1
F'(x)=u"-nu . The general power rule is a special case of the chain rule!

Please note! The Simple Power Rule is a special case of the General Power
Rule and used as a shortcut where ¥ =X

Find the derivative of f(x)=(2x-3)° .

In this case, we could either use the General Power Rule as the primary rule or the Simple
Power Rule discussed in a previous unit.

Method 1 - Use the Simple Power Rule as the primary rule

f(x)=(2x—-3)' =4x’ -12x+9 F'{(x)=8x-12

, then

Method 2 - Use the General Power Rule as the primary rule

r _ L n—1
We know that Fi(x)=u"-nu

derivative.

. Let's find all of the parts we need for this

Thatis, 4=2X -3 and u'=2
fr(x)=2[2(2x—3)"" ] = 4(2x - 3)=8x —12

NOTE: Whenever possible you should ALWAYS combine like terms in your
solutions!



Find the derivative of f(x)=(2x-3)" .

In this case, we can ONLY use the General Power Rule! Why?
For U=2x-3 gpg ¥ :2,wefindthat

f'(x)=2[50(2x-3)"]

F'{x)= 100(2){—3}"’9
and

2 25
Find the derivative of f(x)=(3x-2x") .

- F'(x)=(3—-4x)[5(3x-2x°)"]
For "=3X—2x2,and C _3_4X,Wefindthat

F'{x)= 5(3—4):’)(3){—2)(2)"
and

NOTE: Whenever possible you should ALWAYS write constants first in your solutions!

In this case, combining like terms is more difficult than what its worth. Any power greater than 2
should be left alone!

Find the derivative of f(x)= W
f(x)=1f(x*—1)" = (x* -1)*

For 4=Xx° -1 and ¥ =2x,wefindthat

. Express your answer without negative exponents!

F(x)=2x[3(x* —1)F =t x(x* 1)

4x

f'(x)=
(x) 3(x' _1)°

and




g(t)-——~

Find the derivative of (2t-3) ’ .
(t)= -7 —_7(2t-3)
s (2t-3)°

In order to differentiate any fraction, we MUST use the Quotient Rule or the Product Rule
or sometimes the Constant Multiple Rule. While any fraction can be changed into a
product, it is often only advisable to do so when the numerator is a constant so that the

Constant Multiple Rule can be used.

Since the numerator in the function above is a constant, we MUST either use the Quotient Rule
as the primary rule or the Constant Multiple Rule.

Method 1 - Use the Quotient Rule as the primary rule

Let U=-7gng V¥ =(21- 3)° then Y =0,
V'=2[2(2t - 3)] =4(2¥-3) 1 a5e note that we had to use the

r
General Power Rule to find v I

0(2t-3)° —(-7)[4(2t-3)]

r t —
. 28(21-3)
g ()= (2t - 3)°
28
rt —
and g (Zt_3)3

NOTE: Whenever possible you should ALWAYS reduce your solutions to
lowest terms! However, it is not necessary to multiply out the denominator!

Method 2 - Use the Constant Multiple Rule as the primary rule

_ —2
Using g(t)=-7(2t-3) , the primary rule is the Constant Multiple Rule
followed by the General Power Rule.

To differentiate (2~ 3)" we'lluse U=28-3 gng U ‘=2 '

ofing 2[-2(2t-3)7]



Then using the Constant Multiple Rule we get
g'(t)=-7f{2[-2(2t-3) " J}=28(2t-3)°

28

Q'ﬂ):W

and

It is not necessary to multiply out the denominator!

2 2
Find the slope of the line tangent to any point on the graph of F(x)=x"~1T-x

f(x)=x1T—x? =x*(1-x*)*

We must use the Product Rule as the primary rule.

i r
Let ¥4 =X"and Vzﬁ_xz)xg,then U'=2x,.4
V= 2x[i(1-x?) %= —x(1-x?)"%

. Please note that we had to use the

General Power Rule to find vr!
fr{x)=2x(1-x* )% + X [-X(1T-Xx*) %]
= 2x(1-x* ) - x*(1-x2)"%

Writing the derivative without negative exponents, we get

XS

Fr(x)=2x(1-x*)* -———
(1-x°)"

and finally writing the derivative as a single fraction, we get

_2x(1- X P1-x ) X 2x(1-X°)- X

f'(x)
(1-x°)% (1- x* )~
2x —3x°
Fx)="—"17
and (1-x")"

Y] '
Please note that (1-x°)% =1 +(x£)2.



X
T

Find the derivative of
negative exponents.

using the Quotient Rule. Write your answer without

X

(X) = ——-
g Uxi+ 4 (xt+4)F

de4)fu=1
Let U=Xand V=(X" +4)7 tnen ¥ =T5nq
V= 2X[L(x}+4) P =ix(x?+4) "
v’

. Please note that we had to use the General
Power Rule to find

(X +4)" —xfix(x’+4) #]
[(x'+4)* 1

(X +4)F XX+ 4)

- (X% +4)%

g'{(x)=

3(x* + 4)%

: “
To get rid of the negative exponents, we'll multiply by the number 1 in the form IHx" +4) :

g (- X 4)% -3 X (X + 4) % 3(x° + 4)*
Thatis, (x:+4)% 3xt+4)*

gr{XJz (xz +4J%-3{x3 +4)%—%XZ{XZ +4J_%-3{X2 +4}%
then (x2+4)%_3(xz+4)‘%

] 3(x°+4)-2x° 3x°+12-2x°
g'(x)= 2B X 412D
Simplifying, we get 3(x" +4) 3x" +4)

Xt +12
3(x*+4)%

g'(x)=

and



g(t)=[3t_1)

Find the derivative of t+3

31—1)2 _(3t-1)’

y(t)=[t+3 (t+3)°

You can differentiate this function in two ways. That is, you can use the General Power
Rule as the primary rule or you can use the Quotient Rule as the primary rule.

Please note that within the General Power Rule the Quotient Rule must be used and with
the General Power Rule the Quotient Rule must be used.

Method 1 - Use the General Power Rule as the primary rule!

In order to use the Constant Multiple Rule we must change the function as follows:

3t 1 .10
YS9 3 g (E+3)
Then, for t+3 , and {+ ) )

Please note that we had to use the Quotient Rule to find - !
_ 3t-1
That is, given t+3 weuse U=3t-Tong V=043 then ¥ =3 g

v'=1_

F

dy _3(t+3)-(3t-1)(1) _ 10

Then X (t+3)° “+3)y
L 10 3t—1
g (U_(t+3f [2[t+3]]
, 20(3t-1)
3 Pieinl et B
andg (t) (t+3)°

NOTE: Whenever possible you should ALWAYS combine like terms in your
solutions! However, it is not necessary to multiply out the denominator!

Method 2 - Use the Quotient Rule as the primary rule

(3t—1)°
git)=-—"———->5-
Given (t+3)° ,Iet"zfﬂ_ﬂzandv=(t+3)£,then

u'=3{2(3-1)j=6(3t 1), v =2(t+3) 5 .ccnote that we had
to use the General Power Rule to find both - and o/ !



o 6(3t—1){t+3) —(3t—1)[2(t+3)]

¢] =

g [ 37 T
B(3t—1)(t+3)) —2(3t—1)"(t+3)

- (t+3)°

NOTE: Whenever possible you should ALWAYS combine like terms in your
solutions and reduce to lowest terms! However, it is not necessary to
multiply out the denominator!

However, in this case it is easier to notice that the two terms in the numerator have

the factors (3t - ”{t + 3) in common. We will now factor them out as follows:

g'(t) - (3t—1)(t+ 3)f6(t+3)-2(3t—1)]

(t+3)°
_(3t—1)(6t+18-6t+2)
- (t+3)

Notice that it was easier to combine like terms in the brackets than trying to
combine like terms before factoring out the common factors.

_20(3t-1)

9t =" oy

Finally, we get

. . y=sec’x
Differentiate

NOTE: y=sec’ x = (sec x)°

r —
Using the General Power Rule with & = S€¢ X gpng U = S€C x tan x

%:secxt&nx{ﬂsec x)']

, we find

d—y=5$ec:5 xtanx

and

NOTE: Whenever possible you should ALWAYS write constants first in your solutions!



. . =tan® x
Differentiate y .

_ 2y _ 2
NOoTE: ¥ =1tan” x =(tanx)
r__ 2
Using the General Power Rule with 4 = @ X gpg 8 = S€¢ X
d
ay = sec’ x[2(tan x )]

, we find

':‘—J"rzz,ﬁ:e:::'2 xtanx

and

NOTE: Whenever possible you should ALWAYS write constants first in your solutions!

Differentiate ¥ = tan 3x .

o
s Y _3sect3x
Using the Chain Rule with ¥ =3X and ¥ =3 e fing &
Differentiate ¥ = COLTX
d
. Y _ _nesciax
Using the Chain Rule with ¥ =X and ¥ =7 e find &

_ af 2
Differentiate Y= sm(Zx N 3) )

r__ 3 _ 3
Using the Chain Rule with u=(2x+3) d and ¥ = 2f4(2x +3)" J=8(2x + 3)

d—y=8{2x+3)3 cos(2x + 3)°

we find
_ i
Differentiate ¥ = ¢5€ ox .
d
, u'— 10x %Y _ _toxese5x? cot5x°
Using the Chain Rule with ¥ =3X " ang ¥ = , we find



_ 2
Differentiate y= (c:sc 5X) )

In this case, the primary rule is the General Power Rule with the Chain Rule being secondary as
follows!

Let U=0SC5X gng ¥'=—5068C5X COLSX 0 fing

% =-5¢sc S5xcot5xf2cescdHx)

dy =_—10csc’ 5xcotsx

and

NOTE: Whenever possible you should ALWAYS combine like terms in your solutions
and also write constants first!

_ 333
Differentiate y= 5(003"( J )

In this case, the primary rule is the Constant Multiple Rule followed by the General Power Rule
with an embedded Chain Rule.

_ _ 233 B . P 3 e g
To differentiate (695X ") el et W=€08 X * gng ¥'=—4X"sin X"

4 33 3 O g 432
Then the derivative of fcosx”) is —4x" sinx"f3fcos x ") jusing the General Power
Rule

d_J"=5{_4:;¢'3 sinx"[&‘(cosf)z}}
and x or

dy =—60x°sinx’fcos x*')’

NOTE: Whenever possible you should ALWAYS combine like terms in your solutions
and also write constants first!



_ !
Differentiate f(x)=(nx) .

r_
Using the General Power Rule with ¥ =X and ¥ = > we find
f'(x)=1[3(nx)" ]

and F/(x)=2(nx)’

NOTE: Whenever possible you should ALWAYS combine like terms in your solutions!

Differentiate f(x)=In{x"+2) .

2x

Using the Chain Rule with #=X° +2and ¥ = €X e find
2x
F'{x)=
(x) X +2

Differentiate F(X)=M~x+1
f(x)=M-x+1=(x+1)%

g Pt - 14
Using the Chain Rule with ¥ = (X + 1) gng W' =2(X+1) % 0 ing

Fr(x)= 1 _ 1
SxX+1T 20x 41

£r(x)= 1T T B T
N 2«sx+1_2(x+1)
f'(x) =

and 2(x +171)



x(x*+1) ]
F{(x)=1In [—
Differentiate Va2x® —1

Using the Chain Rule to differentiate would be quite cumbersome at this point. Therefore, we
will apply the following logarithm properties to rewrite the function into the sum of simpler
logarithms.

Product Rule: log, MN = log, M + log,, N

log, M_ log, M —log, N
Quotient Rule: N

fog, M* =p-log, M

Power Rule:
f(x)=Infx(x*+1) J—In-/2x* -1

—inx+In{x’+1)' —In(2x°* —1)%
And finally,
f(x)=mx+2Infx’>+1)-:{2x° - 1)

Now we will use the Sum/Difference Rule to differentiate each term separately. Please note that
we have to use the Chain Rule to differentiate the second and third term!

1. 2(2x),  6x°
P OI= 3+ 31 202 9)

4x 3x’
B% x+1 2x° -1

fr(x) -

and

_ 2x—1
Differentiate f(x ) =€

=2

Using the Chain Rule with ¥ = 2X —Tang Y , we find

fr(x)=2e"""



T
fx)=—

Differentiate

%

First we will write the function as T{X)=¢

— — -1 r__ -2
Now we will apply the Chain Rule with u=-:=-3x and ¥ = 3x .

We find

f(x)=—-3x"e %

£r(x)= ‘3X,
and x'e”

NOTE: Whenever possible you should ALWAYS write your solutions with positive
exponents!

Differentiate T{XJ)= fog(cos x )

Using the Chain Rule with ¥ =€0S X gnd ¥ =—SMX 0 fing
—sinx
fr(x)=——""__
In10 cos x
_ A=
Differentiate F(x)=2 .
Using the Chain Rule with ¥ =3X and ¥ ' =3 e find

fr{x)=(3In2)(2* )



